We consider M-theory on compact spaces of G 2 holonomy constructed as orbifolds of the form (CY×S 1 )/Z 2 with fixed point set Σ on the CY. This describes N = 1 SU(2) × SU(2) gauge theories with b 1 (Σ) chiral multiplets in the adjoint. For b 1 = 0, it generalizes to compact manifolds the study of the phase transition from the non-Abelian to the confining phase through geometrical S 3 flops. For b 1 = 2, the non-Abelian, Coulomb and Higgs phases are realized, where the Coulomb branch arises by desingularizing the fixed point set, while an S 2 × S 1 flop is at the origin of the non-Abelian/Higgs transition. In addition, an extremal transition between G 2 spaces can occur at conifold points of the CY moduli space where unoriented membranes wrapped on RP 2 become massless.
Introduction
There are many ways to obtain N = 1 theories in 4D. The initial example is the heterotic compactification on Calabi-Yau threefolds. The SU(3) holonomy of the later allows a surviving Killing spinor and leads to an N = 1 gauge theory in 4D. Similarly, a compactification of M-theory on a 7-manifold of G 2 -holonomy gives rise to an N = 1 theory in 4D. However, since there are no gauge fields to start with in 11D, the vector multiplets are generically Abelian and thus of restricted interest. Their number depends on the topological properties of the internal space and equals the number of non-contractible two-cycles. On the other hand, it is known that the appearance of singularities in the internal space leads to non-Abelian gauge theories. As has been shown in [1] , in certain cases, as two-cycles are collapsing, A n singularities appear and a corresponding enhancement of the gauge group occurs. This has explicitly been shown for the KK monopole when the ALE space degenerates to R 4 /Z n . In this limit, there exists an enhancement of the gauge group to SU(n) due to membranes wrapped on intersecting two-cycles. This is the way non-Abelian vectors can appear in M-theory. This mechanism was also considered in [2] in order to study N = 1 6D theories at the conformal point in the AdS/CFT correspondence.
M-theory compactifications on G 2 -holonomy manifolds have appeared in the past [3] . Recently, phase transitions between different G 2 manifolds have been considered in [4] that describe changes of branches in the scalar potential or a Higgs mechanism in the Abelian sector of the theory. Moreover, the possibility of understanding the non-Abelian phase structure of M-theory on G 2 manifolds was pointed out in [5, 6, 7] . The central ingredient in [6] is an S 3 -flop in the underlying geometry. The flop has been interpreted as a phase transition of the gauge theory. On one side the SU(N) gauge group is in its non-Abelian phase, while on the other side it has disappeared as an effect of confinement. However, the G 2 space which has been employed in this construction was non-compact.
In the present work we describe these effects in the case of compact spaces of G 2 -holonomy constructed as orbifolds of the form (CY×S 1 )/Z 2 . The Z 2 acts as an inversion on the S 1 coordinate x 10 and antiholomorphically on the CY, so that J → −J and Ω →Ω, where J, Ω are the Kähler form and the holomorphic 3-form. As a result, Φ = J ∧ dx 10 + ℜ(Ω) (1.1)
provides the orbifold with a G 2 structure [8] . The fixed point set Σ of the antiholomorphic involution on the CY are special Lagrangian 3-cycles that are promoted to associative 3-cycles of A 1 singularities on the 7-space. In M-theory compactifications, the first Betti number b 1 (Σ) of this cycle then counts the number of chiral multiplets in the adjoint representation of the gauge group. The case b 1 (Σ) = 0, to be considered in section 2 generalizes the work of [6] to SU(2) × SU(2) gauge group and compact G 2 spaces. When b 1 (Σ) = 2, we will see in section 3 that the non-Abelian, Coulomb and Higgs phases also occur in M-theory. The Coulomb phase will be described geometrically as the desingularization of the orbifold fixed points, while the transition from the non-Abelian to the Higgs phase will be a consequence of S 2 × S 1 flops. From the non-Abelian point of view, the transitions in the two models with b 1 (Σ) = 0 that we will present, occur at different types of singular points in the CY complex structure moduli space. In one case the CY has ordinary nodes and a conifold transition [9] gives rise to an additional descendant G 2 branch. This will generalize the other non-compact G 2 manifold with A 1 singularities appearing in the literature [4] . These transitions are triggered by black holes [10, 11] described as oriented and unoriented membranes wrapped on non-calibrated CP 1 and RP 2 , respectively. A discussion along these lines from the supergravity point of view can be found in [12] .
We remark that these models are dual to type IIA compactified on the CY taking part in the orbifold in the presence of 2b 1 (Σ) D6-branes and b 1 (Σ) O6-planes wrapped on Σ [13, 14, 15] .
Models without adjoint matter
Our aim is to construct G 2 manifolds out of products CY×S 1 on which we act by antiholomorphic involutions w on the CY and by inversion I on S 1 . In [4] , freely acting involutions w on the whole CY ambient space were considered that result in smooth 7-dimensional orbifolds. Upon compactifying M-theory on them, transitions between topologically different such manifolds were used to describe transitions between distinct branches in the scalar potential of the associated N = 1 Abelian effective field theory. However, it was noticed that if the involution has fixed points in the CY ambient space, a subset of them can live on the 7-dimensional G 2 -orbifold and may or may not be desingularized while keeping the holonomy within G 2 . The fixed point set on the CY is then a special Lagrangian 3-cycle whose topology can vary when changing the CY complex structure. As a result it was claimed that a single CY moduli space can be split into distinct components describing G 2 orbifolds with different fixed point set topologies. When these orbifolds can be desingularized, they give manifolds with different Betti numbers due to different "twisted sectors" as will be seen in section 3. In M-theory compactifications they give the various phases of the N = 1 non-Abelian effective field theory.
For the moment, we would like to consider the simplest case, where a transition takes place between a phase without fixed points to a phase with fixed point topology of disjoint 3-spheres. This transition was actually already considered in [6] and [4] in a local version on non-compact G 2 manifolds, namely, the spin bundle over S 3 and (T * S 3 × R)/Z 2 , respectively. They both describe phase transitions in pure SU(2) gauge theory. However, the model in [4] has an additional G 2 branch arising from a conifold transition of the underlying CY T * S 3 . These effects are not restricted to non-compact G 2 spaces and this section is dedicated to demonstrate them in a compact model. In order to keep the discussion as simple as possible, we consider G 2 manifolds based on CY hypersurfaces in (the resolution of) the well-known weighted projective space CP 4 11222 .
A model based on (CP
We define the one-parameter sub-set of threefolds C 1 in the family CP (2.
2)
The additional variable z 6 accompanied by a second scaling action arises from blowing up the Z 2 singularity {z 1 = z 2 = 0} of CP Notice that among the large number of monomials allowed by the C * actions, we choose to consider only one, namely z .3) these singularities lie in charts where z 2 and z 6 are non vanishing, so that we can rescale them to unity. In each case, there are thus 4 singular points,
At these points, the determinant of second derivatives det(∂ A ∂ B p 1 ) (A, B = 1, 3, 4, 5) does vanish, so that these isolated singularities are not nodal points. Therefore, if a transition to another CY occurs at φ = ±1, it is not of the usual conifold type. Note that the holomorphic change z 1 → e iπ/4 z 1 leaves p 1 invariant if we substitute simultaneously φ → −φ. Therefore, from the CY point of view, φ and −φ parametrize the same complex structure and we could restrict to ℜ(φ) ≥ 0.
However, we want to construct G 2 orbifolds of the form
with an involution σ = wI, where I acts as an inversion on S 1 and w is antiholomorphic with fixed points on the CY ambient space 6) where x 10 is the S 1 coordinate. Clearly w commutes with the C * actions. For G 1 to be well defined, φ should be real so that w is a symmetry of the CY. Note that φ and −φ are no longer equivalent for G 1 since z 1 → e iπ/4 z 1 does not commute with σ. The single family of CY's for arbitrary complex φ thus splits a priori into three G 2 branches for the orbifold parametrized by real φ, namely φ < −1, −1 < φ < 1 and φ > 1.
Let us determine now the fixed point set of the orbifold. If we denote by Σ the special Lagrangian 3-cycle in C 1 fixed by w, the total fixed point set is just two copies of Σ, one at x 10 = 0 and the second at x 10 = πR, where R is the radius of S Notice that if x 6 could vanish in this equation, it would imply x 3,4,5 = 0 as well, which is forbidden. Hence we can rescale x 6 to 1. The same is also true for x 2 , since a vanishing x 2 would also imply x 1 = 0. The scaling actions being gauged away, Eq. (2.7) is solved for x 4 1 ,
We see that for φ < 1, there is no real solution and thus Σ is empty. For φ = 1, when the CY is singular, there are solutions for x 3 = x 4 = x 5 = 0, x Finally, for φ > 1, we find it convenient to define the variables 10) in which the equation for Σ reads
describing an S 3 of radius φ 2 − 1. However, whereas u 3,4,5 and x 3,4,5 are in oneto-one correspondence, the map from x 1 to u 1 is two-to-one. Furthermore, from
so that Σ actually consists of two copies of S 3 that do not intersect, one with x 1 > 0 and the other with x 1 < 0. As a result, the fixed point set Σ, according to the values of φ is
Let us now consider M-theory compactified on the previous orbifolds. When φ < 1, the compact space is smooth and the four-dimensional massless spectrum of M-theory is then determined by the Betti numbers of G 1 [3] . The b 3 deformations of the G 2 structure Φ together with the flux of the eleven dimensional supergravity 3-form potential C on the 3-cycle homology classes give rise to b 3 complex scalars. In addition, the dimensional reduction of C on the 2-cycle homology classes provides us with b 2 vector bosons in four dimensions. Together with N = 1 superpartners from the reduction of the eleven dimensional gravitino, we have b 2 N = 1 vector multiplets and b 3 neutral chiral multiplets. In our case, a 2-cycle on G 1 arises from a 2-cycle in C 1 even under w, while the odd ones times S 1 give invariant 3-cycles on G 1 . Also, 3-cycles in H 1,2 (H 0,3 ) and H 2,1 (H 3,0 ) combine to give an equal number of even and odd 3-cycles. If we denote by h ± 11 the number of even and odd homology classes of 2-cycles on C 1 , then the relevant Betti numbers of the smooth G 2 orbifold G 1 for φ < 1 are
(2.14)
In our case there are h 11 = 2 cohomology classes on C 1 . The first one is the pullback of the Kähler form J that determines the size of the ambient CP 1 11222 on which w acts antiholomorphically as a symmetry, implying J → −J. Similarly, the second cohomology class proportional to dz 6 ∧ dz 6 is also odd under w. Therefore, h In this case the massless spectrum decomposes into two pieces. The "untwisted sector" arises as before from the dimensional reduction of the eleven dimensional supergravity multiplet on the 2-and 3-cycles even under the orbifold involution σ ≡ wI. As a result, it still consists of b 2 = 0 N = 1 vector multiplets and b 3 = 89 chiral multiplets. To this one has to add the states localized on the fixed point set Σ × {0, πR}. Around each of these singular points, the geometry looks like R 4 /Z 2 × R 3 , where 3 directions in R 4 correspond to the imaginary parts of local coordinates Z j (j = 1, 2, 3) that transform as Z j −→Z j under w, while the fourth direction accounts for the S 1 , while the factor R 3 is the tangent plane on Σ. Since we do not take into account here the effect of an eventual generation of a superpotential from M-theory instantons [16] , we can determine the desired spectrum by use of an adiabatic argument that consists in considering first the situation where Σ is of large volume, i.e. φ large and positive. In that case M-theory is actually compactified down to 7 dimensions on a 4-space with two A 1 singularities. The resulting bosonic spectrum consists of a vector field in the adjoint of SU(2) × SU(2). The bosonic spectrum for finite φ is then simply obtained by dimensional reduction of this vector field on Σ and gives an SU ( One can now ask if it is possible or not to desingularize the orbifold fixed points and obtain a smooth manifold of G 2 holonomy. This means blowing up at each point on Σ a 2-sphere for each of the two A 1 singularities in the transverse 4-space. In other words, one would glue two copies of Eguchi-Hanson spaces X 4 times Σ. The resulting smooth manifold would then have two more moduli v 1,2 parametrizing the volumes of the two blow up S 2 's. However, on a G 2 manifold, there are only 3-cycle moduli and the S 2 's have to combine with a 1-cycle γ 1 of radius r so that the G 2 moduli would take the form v 1,2 r. Since b 1 (X 4 ) = 0, γ 1 should be chosen on Σ. A necessary condition for a G 2 resolution of the orbifold singularities is therefore b 1 (Σ) ≥ 1, which is not satisfied in our case Σ = S 3 ∪ S 3 . In fact, N = 1 supersymmetry confirms this. The geometrical moduli v 1,2 must be part of 3-cycle volumes so that they can be combined with the flux of the eleven dimensional supergravity 3-form C on the corresponding S 2 × γ 1 to give complex scalars of chiral multiplets. Notice that the condition b 1 (Σ) ≥ 1 is the necessary one given by Joyce for a G 2 resolution to be possible and that, to be sufficient, there must be in addition a nowhere vanishing harmonic 1-form on Σ [17] . Unfortunately, this last condition happens to be difficult to check in practice [18] .
We saw that the present model cannot be resolved while keeping the holonomy in G 2 . However, one can still wonder whether a Ricci flat resolution is possible, such that the holonomy is a subgroup of SO (7), but not in G 2 .
1 If such Ricci flat resolutions would exist, they would describe non-supersymmetric M-theory vacua. However, one can doubt that this is possible, since switching on the blow up moduli v 1,2 would smooth the compact space, so that we pass to a Coulomb branch of N = 1 pure SU (2) 2 super Yang-Mills theory with spontaneous breaking of supersymmetry and we know that such a Coulomb branch does not exist.
Physical interpretation of the SU(2)
2 phases
We saw that the geometrical G 2 moduli space is divided into three pieces. When considering M-theory on these orbifolds the real parameter φ is promoted to the complex scalar V M = φ − 1 + iC where C is the flux of the M-theory 3-form on the vanishing homology class at φ = 1. As pointed out in [6] , the regions φ > 1 and φ < 1 are connected without crossing any physical singularity by paths in the complex V M plane. This is due to holomorphicity of the N = 1 theory which implies that singularities occur at least in complex codimension 1. The disappearance of the SU(2) gauge bosons in the φ < 1 branch is then explained as follows.
The classical geometry we have considered can be trusted in the φ >> 1 and φ << −1 regions where associative 3-cycles have large volumes. In the effective field theory, V M is the complex gauge coupling defined as
where g Y M , Θ are the real gauge coupling and theta angle. The region φ >> 1 then corresponds to the UV. Now, when φ−1 becomes negative, the S 3 's have disappeared and in fact experienced a flop transition. This branch, where the new 3-spheresS 3 have volume |φ − 1|, is interpreted as a description of the same theory but in the IR [6] . In this picture, the geometric flop transition corresponds to a phase transition in the gauge theory from the non-Abelian to a confining phase.
We would now like to see if this flop transition takes place in the compact case as well. In our model, we have two S 3 's for φ > 1 which degenerate at φ = 1 to the points (±1, 1, 0, 0, 0, 1). Therefore, we shall look for two otherS 3 's present for φ < 1 and vanishing for φ → 1 − at the same points. If we find them, we will then interpret the exchange S 3 →S 3 as flop transitions. The two S 3 's for φ > 1 have been found as fixed point locii of an antiholomorphic involution w acting on the whole CY ambient space. Our strategy is then to consider other involutions that would fix vanishing 3-spheres for φ < 1. If we consider first diagonal involutions z i → e in which we can rescale V 1 = ±1. We thus obtain
and there is a total of 8S 3 for φ < 1 that vanish at each singular point when φ → 1 − . Therefore, there is a one-to-one correspondence between the 8 S 3 's at φ > 1 and the 8S 3 at φ < 1. This should describe 32 flop transitions, two of which concern the S 3 's of Eq. (2.
A model with conifold transition
The previous model is probably one of the simplest generalizations of the M-theory phase transition considered in [6] to the case of a compact G 2 manifold and SU(2) × SU(2) singularity. But still the whole M-theory discussion takes place in the moduli space of a single given G 2 space. In [4] , however, the possibility of a transition into the moduli space of another smooth G 2 manifold was noticed. This happens at the conifold point of the underlying CY manifold which is a common boundary point in the complex structure moduli space of one CY family and the (complexified) Kähler moduli space of another family. From the four-dimensional point of view this corresponds to a new branch for the Abelian/scalar sector of the effective field theory. Therefore, we would now like to discuss in a compact model the appearance of this additional branch via small resolution of the CY.
Let us choose again a one parameter sub-family of threefolds C 2 within CP with complex parameter φ. The family C 2 has singular members for φ = ±1, φ = ±i and φ = ±i/ √ 2 where p 2 becomes non-transverse. As in section 2.1, the singular points lie in charts z 2 = 0, z 6 = 0, so that we can rescale them to 1. In anticipation of the antiholomorphic involution that we are going to take, we shall be interested in the singularities that occur for real φ,
where the +/− signs are independent, giving rise to 32 singular points on the CY in each case. The reason why we added the monomials z , is that they render the matrix of second derivatives of p 2 regular. The singularities on C 2 are thus nodal points and φ sits at the conifold points in the complex structure moduli space of C 2 .
As in the previous model we proceed by restricting φ to real values and consider the G 2 orbifold
where σ = wI is defined as in Eq. (2.6). The special Lagrangian 3-cycle Σ of w-invariant points in C 2 , giving the σ-fixed points Σ × {0, Rπ}, is determined by where the unknowns are real and x 2 , x 6 can be scaled to 1, thanks to Eq. (2.3).
Solving for x 4 1 , one obtains
which implies φ ≥ 1. In the variables
we find again a 3-sphere
Now, the four maps (2.26) from x i to u i are two-to-one and by the same reasoning as in the previous model one easily shows that (for finite φ) the x's are either positive definite or negative definite. Hence equation (2.27) gives rise to a total of 16 disjoint copies of S 3 . To summerize the situation, we have two distinct phases along the real φ axis, φ < 1, Σ = ∅ (no fixed points) , φ = 1, Σ = {(±1, 1, ±1, ±1, ±1, 1)} (i.e. 16 points) ,
where the w-invariant S 3 's that shrink to 16 of the 32 nodes in Eq. (2.22) when φ → 1 + are precisely the ones involved in the conifold transitions of the underlying CY C 2 . In the next section we shall discuss the new branches of G 2 manifolds emanating from φ = ±1 via these CY conifold transitions.
Spectrum
Along the φ branches, the present orbifold G 2 is similar to G 1 . For completeness, we recall that the massless spectrum describes b 3 = 89 neutral chiral multiplets present for arbitrary φ from the untwisted sector together with a pure SU (2) 2 super Yang-Mills theory in non-Abelian (φ ≫ 1) or confining (φ ≪ −1) phase.
The extremal transition
Following [9] , we would like to consider in this section the conifold transition that occurs in C 2 at φ = ǫ ≡ ±1. We shall then generalize the results of [4] for the descendant extremal transitions between G 2 spaces.
At φ = ǫ, the non-transverse defining equation (2.21) of C 2 takes the form The result can then be written as an intersection of hypersurfaces defined by
where (t 1 , t 2 ) are projective coordinates parametrizing a CP 1 ≡ S 2 . In fact, since (t 1 , t 2 ) = (0, 0), the determinant of the coefficients of t 1,2 , which is precisely p φ=ǫ in Eq. (2.28), must vanish and the system in Eq. (2.30) is equivalent to
where the first equation determines (t 1 , t 2 ) in CP 1 . When the volume of CP 1 is sent to zero, the first equation is irrelevant and we recover the singular CY, while when CP 1 is of finite volume, the manifold C We would like to see now if we can construct G 2 manifolds out of these new CY branches. We therefore consider products C × CP 1 . Since we know that z i should be sent toz i , we need to extend the antiholomorphic action on the coordinates (t 1 , t 2 ) of CP 1 . This action must be linear in order to preserve the Kähler metric of CP 1 , so that there must be a 2 × 2 matrix M such that
where the two conditions on M assure that the transformation is of order two and preserves the Kähler metric of CP 1 . As a result, the most general matrix M (whose determinant can be normalized without loss of generality) is a iB iBā where
The first transformations always have fixed points in CP 1 (as can be seen by diagonalizing them, see [4] for details), while the second is freely acting (since, otherwise, t 1 = t 2 = 0, which is forbidden). Actually, among all these involutions, only the freely acting one can be combined such that
is a symmetry of C ǫ 2 , as can be seen from
after complex conjugation. We thus obtain two new branches of smooth G 2 manifolds (C ǫ 2 × S 1 )/w ′ I connected at φ = ±1 to the original ones (C 2 × S 1 )/wI. Actually, as soon as we see that such branches exist, it is not a surprise to observe that the orbifolds (C is not singular, this implies that Σ ǫ is empty. In fact, for φ = −1, this was ensured by the fact that p φ=−1 in Eq. (2.31) has no solution when restricted to real unknowns x i 's. However, at φ = +1, since p φ=+1 admits real solutions, the antiholomorphic involution w ′ has to act as t 1 → −t 2 , t 2 →t 1 , so that it is freely acting on C +1 2 .
Spectrum on (C
The spectrum on theses branches is then immediately found. Since (dT ∧ dT )/|T | 2 , where T = t 1 /t 2 is odd under w ′ , the third 2-cycle homology class of C ǫ 2 is odd (together with the two odd classes already present on C 2 ). Consequently, the Betti numbers take the values
and the massless spectrum consists of 59 chiral multiplets.
Physical interpretation of the new phases
We would now like to interpret the phases described in the previous section from a physical point of view. This means that instead of considering geometrical moduli spaces of real dimensions b 3 (b ′ 3 ), we have instead to interpret the branches complexified with the eleven dimensional supergravity 3-form C. The physical moduli space coordinates are then the scalar components of the massless chiral fields.
The extremal transition at φ = −1 in characterized by 32 nodal points on the underlying CY that are not fixed under the Z 2 involution. These nodes are vanishing 2-spheres on C −1 2 whose classes are odd under w ′ (and equal in this example). This situation, where b 3 varies and b 2 is constant, is precisely one considered in [4] where it was shown how this describes a change of branch in the scalar potential, the Abelian gauge group not being affected. At φ = +1, we saw that 16 of the nodes are mapped into each other under Z 2 , while the 16 others are invariant. Again, the single vanishing class of these nodes is odd. Hence this situation, where fixed nodes arise, is a generalization of the previous case we discuss now.
Following [10, 11] , suppose we have a CY C ′ where N 2-cycles γ a (a = 1, ..., N) shrink to zero size at some point in the Kähler moduli space. A priori not linearly independent in homology, their classes satisfy R relations
with integer coefficients. When M-theory is compactified on C ′ × S 1 , membranes wrapped on these cycles give N black hole hypermultiplets charged under the (N −R) independent U(1)'s associated with the vanishing classes. In our case, N = 32 and N − R = 1. If we denote by (h a ,h a ) (a = 1, ..., N) and T I (I = 1, ..., N − R) the complex scalars of the hypermultiplets and vector multiplets, respectively, N = 2 supersymmetry in four dimensions implies the presence of the superpotential
where q a I is the charge of (h a ,h a ) under the I-th U(1). Since the antiholomorphic involution is an isometry, it maps the set of nodes into itself. We can therefore define N = N ′ + N ′′ , where N ′ is even and counts the number of non-invariant nodes, while N ′′ is the number of fixed nodes. We order the nodal points so that the vanishing 2-cycles on
, the minus sign being a consequence of the fact that these cycles are calibrated and thus holomorphic while the involution is antiholomorphic. In these conventions we have rescaling and obtain the sets of singular points,
where (z 1 , z 2 ) = (0, 0) are arbitrary and modded out by the C * 2 action, so that they parametrize a CP 1 . As a consequence, two non-intersecting genus 0 curves of singularities occur on C 3 when θ = ±1.
To construct G 2 manifolds out of this family of CY's, we consider the involution σ = wI in Eq. (2.6) and define
where the complex structure parameter θ is now restricted to be real for w to be an isometry of C 3 . Before complexification with the M-theory 3-form C, the G 2 moduli space is again split in three disconnected pieces, θ < 1, −1 < θ < 1 and θ > 1. The fixed point set on G 3 is again two copies of the special Lagrangian 3-cycle Σ fixed by w on C 3 . Its equation reduces to the polynomial p 3 for real unknown x i , is always strictly positive. Therefore, x 5 = 0 would also imply x 3 = x 4 = x 6 = 0 which is forbidden, so that we can rescale x 5 to 1. Now, we observe that (x 1 , x 2 ) = (0, 0) modded out by the real rescaling reminiscent to C * 2 parametrize a full RP 1 ≡ S 1 . Let us now fix a point (x 1 , x 2 ) in this S 1 , and then define the one-to-one change of variables 
implying θ ≥ 1. As a conclusion, when choosing x 4 in these segments, Eq. (3.6) describes a circle parametrized by u 6,3 whose radius vanishes at the boundaries of the x 4 intervals. We thus obtain two 2-spheres at each point of the S 1 parametrized by x 1,2 . Since the S 2 's are disjoint, this results in two copies of S 2 ×S 1 . To summerize, the fixed point set according to the values of θ is
where the radius of the S 2 's is of order √ θ − 1 when θ → 1 + . Note that the complex deformation of C 3 can determine the volume of these 2-spheres since they are not holomorphic on the CY. Also, at θ = 1, the S 1 's are the equators of the 2-spheres of singularities in Eq. (3.2). We thus have a transition between two distinct phases θ < 1 and θ > 1. As in Section 2.4, there could also be extremal transitions at θ = ±1 giving rise to new branches of G 2 manifolds. However, we don't consider this situation in this work.
Spectrum for θ < 1
On this branch, the orbifold is smooth and the spectrum is thus simply determined by the Betti numbers from Eq. (2.14) to give the same result we had for G 1 when φ < 1, b 2 = 0 and b 3 = 1 + 86 + 2 = 89 , i.e. 89 chiral multiplets with no gauge group.
Spectrum for θ > 1
In addition to the previous spectrum, one now has to take into account the states that sit at the fixed points Σ × {0, πR}. As in the case φ > 1 for G 1 , they fill an N = 1 multiplet in 7 dimensions in the adjoint of SU(2) × SU(2) compactified down to 4 dimensions on Σ giving rise to an N = 1 vector multiplet. In addition, we get b 1 (Σ) = 2 real scalars, all in the adjoint of SU (2) 2 , arising from the flux of the 7 dimensional gauge boson on the 1-cycles on Σ. Notice that the vacuum expectation value of these scalars is zero since otherwise they would break the gauge group. Actually, they are combined with the volumes of the vanishing 2-spheres at each A 1 singularities times the radii r α (α = 1, ..., b 1 (Σ)) to give b 1 (Σ) complex scalars in the adjoint of SU (2) 2 . As a result, the spectrum consists of 1 vector and 2 chiral multiplets in the adjoint of SU (2) 2 and 89 neutral chiral multiplets . (3.9)
Since b 1 (Σ) > 0, we can consider now the desingularization of G 3 while keeping the G 2 holonomy. To this end we have to blow up the 2-spheres vanishing at each A 1 singularity. This amounts to giving a mass to the membranes wrapped on them and corresponds physically to move in the Coulomb branch SU (2) 2 → U(1) 2 . The chiral multiplets associated to these 2-cycles get a vacuum expectation value and become massive. As a result, in addition to the "untwisted" b 2 = 0 vector multiplets and b 3 = 89 chiral multiplets, we now have a "twisted sector" consisting of 2 vector multiplets and 2b 1 (Σ) (equal to 4 in the present model) neutral chiral multiplets. In general, in the Coulomb branch of SU (2) 2 plus b 1 (Σ) chiral multiplets in the adjoint, we have b 2 = h Note that this result was conjectured in [15] by considering the dual descriptions in type IIA in the presence of D6-branes and O6-planes 4 . In our example, we thus obtain a U (1) 2 gauge theory and 89 + 4 = 93 neutral chiral multiplets. The formula (3.10) is actually an extension of the case considered by Joyce in the desingularization of orbifolds T 7 /Γ, where the fixed points are n copies of non-intersecting T 3 's [8, 17] . Finally, we can ask as in the pure Yang-Mills case, what is happening to the SU (2) 2 gauge theory with chiral matter in the adjoint, when going from the nonAbelian branch θ > 1 to the branch θ < 1 where there is no apparent trace of the gauge structure. Actually, this situation is what is expected to describe the Higgs phase of the theory. Thus, we see that M-theory compactifications on G 2 holonomy spaces do describe, at least qualitatively, the phases of gauge theories. with U 1 and V 1 → 1 defined as in the former case. The resulting S 2 × S 1 flops, where only the 2-spheres vanish, are then at the origin of the transition between the non-Abelian SU (2) 2 plus adjoint matter phase and the Higgs phase. Finally, the Coulomb branch occurs as before when the orbifold fixed points for φ > 1 are desingularized. The resulting spectrum is then b 2 = 0 + 2 vector multiplets and b 3 = 59 + 2 · 2 = 63 chiral multiplets.
